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ABSTRACT 



We determine explicit orbit representatives of reducible Jordan algebras and of their corresponding 
Freudenthal triple systems. This work has direct application to the classification of extremal black hole 
solutions of = 2, 4 locally supersymmetric theories of gravity coupled to an arbitrary number of Abelian 
vector multiplets in D = 4, 5 space-time dimensions. 
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1 Introduction 

The present investigation is devoted to the study of the explicit representatives of the orbits of reducible 
cubic Jordan algebras, and of their corresponding Freudenthal triple systems (FTS). This is in the spirit 
of previous analyses by Shukuzawa [1], which in turn was inspired e.g. by Jacobson [2] and Krutelevich 
[SHS] • By reducible we mean here that the cubic norm of the underlying Jordan algebra is a factorisable 
homogeneous polynomial of degree 3, as opposed to the irreducible, i.e. non-factorisable, cases treated 
in the previous works [HIS]. In a companion paper [.6j, the results of the present analysis have been 
used to classify extremal black hole solutions in locally supersymmetric theories of gravity with J\f = 2 
or 4 supercharges in D = 4 and 5 space-time dimensions, coupled to an arbitrary number of (Abelian) 
vector multiplets. This paper aims at completing and refining previous investigations [7Hl5j. and it also 
provides an alternative approach with respect to the analysis based on nilpotent orbits of symmetry 
groups characterising the D = 3 time- like reduced gravity theories [T6H19] . 

The paper is organised as follows. 

Sec. [2] deals with cubic Jordan algebras. After some introductory background in Sees. I2.1l and [2?2l the 
explicit representatives of the orbits of magic Jordan algebras [IHH] are recalled in Sec. 12.3.11 Original 
results for reducible Lorentzian spin factors (then generalised to an arbitrary pseudo-Euclidean signature) 
are derived in Sec. 12.3.21 considering both "large" (rank 4) and "small" orbits (these latter further split 
into three sub-classes, ranging from rank 3 to 1). The peculiar cases of the so-called M = 2 STU, ST"^ 
and supergravity models in D = 5 are considered in Sec. 12.3.31 

Then, Sec. [3] studies the Freudenthal triple systems. These are defined both axiomatically and 
in relation to possibly underlying cubic Jordan algebras, respectively in Sees. 13.11 and 13. 2^ and their 
automorphism group is recalled in Sec. 13.31 The explicit orbit representatives for magic Freudenthal 
triple systems [HSj are considered in Sec. 13.4.11 and then original results on the orbit representatives 
of Freudenthal systems associated to reducible spin factors are derived in Sec. 13.4.21 As for the Jordan 
algebra analysis worked out in Sec. the STU, ST"^ and models deserve a separate treatment, which 
is given in the concluding Sec. 13.4.31 
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2 Orbits of Cubic Jordan Algebras 
2.1 Construction 

A Jordan algebra 5 is vector space defined over a ground field F (not of characteristic 2) equipped with 
a bilinear product satisfying |20fl22] 

AoB = BoA, o {Ao B) = Ao {A^ o B), Vy4,BG5. (2.1) 

However, the 5-dimensional supergravities |23ft25j are characterised specifically by the class of cubic 
Jordan algebras, developed in [26l[27]. We sketch their construction here, following the presentation 
of ESI. 



Definition 1 (Cubic norm). A cubic norm is a homogeneous map of degree three 

N -.V ^F, s.t. N{aA) = a^N^A), Vq G F, A G F (2.2) 
such that its linearization, 

N{A, B, C) := -{N{A + B + C) - N{A + B) - N{A + C) - N{B + C) + N{A) + N{B) + N{C)) (2.3) 
6 

is trilinear. 

Let y be a vector space equipped with a cubic norm. If V further contains a base point N{c) = l,c G V 
one may define the following four maps: 

1. The trace, 

Tt{A) = 3N{c,c,A), (2.4a) 

2. A quadratic map, 

S{A) = 3N{A,A,c), (2.4b) 

3. A bilinear map, 

S{A,B) = 6N{A,B,c), (2.4c) 

4. A trace bilinear form, 

Tr(^, B) = Ti{A) Ti{B) - S{A, B). (2.4d) 

A cubic Jordan algebra 2 with multiplicative identity 1 = c may be derived from any such vector space 
if is Jordan cubic. 

Definition 2 (Jordan cubic norm). A cubic norm is Jordan if 

1. The trace bilinear form (|2.4dj) is non- degenerate. 

2. The quadratic adjoint map, jj: Z ^Z, uniquely defined by Ti{A^,B) = 'iN{A,A,B), satisfies 

(yltt)« = N{A)A, yA G 3. (2.5) 

The Jordan product is given by 

Ao B ■.= \[Ax B + Tr(^)S + Ti{B)A - S{A, B)l) , (2.6) 

where, 

A^ B := {A + Bf - A^ - BK (2.7) 
Finally, the Jordan triple product is defined as 

{A, B,C}:={AoB)oC + Ao{BoC)-{AoC)oB. (2.8) 
Definition 3 (Irreducible idempotent). An element E G Z is an irreducible idempotent if 

EoE = E, Tt{E) = 1. (2.9) 
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2.2 Symmetries 

There are many good references on the symmetries associated with Jordan algebras and, in particular, 
on the exceptional Lie groups. Here we have used [29ti32] and in particular [Il[5l[33]. In the following we 
restrict our attention to the case F = R. 

Definition 4 (Automorphism group Aut(^J)). Invertible 'K-linear transformations r preserving the Jordan 
product: 

Aut(5) :={t G Iso]a(a)|r(^ oB) = tAo tB} 

={t G IsoR(a)|r(A X B) = tAx tB} (2.10) 
={t G lsoumN{TA) = N{A),Tl = 1}. 

The equivalence of these various definitions may be found e.g. in [33j. The corresponding Lie algebra 
is given by the set of derivations, 

2tut(a) ~ c)er(5) ={5 G Rom^iWi^ o B) = 6A o B + A o 6B} 

={6eRomuO)\6AxB + Ax6B = 0} (2.11) 
={6 G RomuO)\N{6A, A, A) =0,61= 0}. 

Definition 5 (Reduced structure group Stro(5)). Invertible H-linear transformations r preserving the 
cubic norm: 

Stro(3) :={r G Iso]R(3)|A^(r^) = N{A)} 

={t elsonO)\^r~^{Ax B) = tAx tB}. 

The proof of the equivalence of such two definitions may be found e.g. in [33] . The corresponding Lie 
algebra (3tro(-3) is given by 



©tto(5) ={0 G BomumN{M,A,A) = 0} 

={(j) £RomuO)\^cl){Ax B) = (j)Ax B + Ax (j)B}. ^' ' 

The reduced structure algebra may be decomposed with respect to the automorphism algebra, as follows: 

etro(3) = i'(a)et)er(a), (2.14) 

where L'{'^) denotes the set of left Jordan products by traceless elements, La{B) = AoB where Tr{A) = 0. 

Definition 6 (Structure group Str(5)). Invertible H-linear transformations r preserving the cubic norm 
up to a fixed scalar factor, 

Str(5) := {r G IsoK,(a)|iV(T^) = XN{A), A G R}. (2.15) 

The corresponding Lie algebra (3tr(5) is given by, 

6it{2) = L{^)(Bdtt{Z), (2.16) 

where L{^) denotes the set of left Jordan products La{B) = Ao B. 

A cubic Jordan algebra element may be assigned a Str(O') invariant rank [2]. 

Definition 7 (Cubic Jordan algebra rank). A non-zero element A £ ^ has a rank given by: 

Rank^ = 1 <^ ^tt = 0; 

Rank^ = 2^ N{A) = 0, A« ^ 0; (2.17) 
Rankyl = 3^ N{A) / 0. 



3 



2.3 Explicit Orbit Representatives 
2.3.1 Magic Jordan Algebras 

We denote by 5* the cubic Jordan algebra of 3 x 3 Hermitian matrices with entries in a composition 
algebra A |22j . An arbitrary element may be written as 



^= c 13 a , where a,l3,^e'R and a, 6, cGA. (2.18) 




The cubic norm (j2.2p is defined as, 

A^(^) := a/37 - aaa - pbb - -fcc + {ab)c + c{bc), (2.19) 

which for associative A coincides with the matrix determinant. 
The Jordan product (j2.6|) is given by 

AoB ■.= ^{AB + BA), A,Be^f, (2.20) 

where juxtaposition denotes the conventional matrix product. Evidently, c = diag(l, 1,1) is a base point 
and the corresponding Jordan algebra maps are given by 



Tr{A) = ti{A), 
Tt{A,B) = tr{AoB), 



(2.21a) 



where tr is the conventional matrix trace. The quadratic adjoint (j2.5[) is given by 

(/37 — |ap 60 — 70 ca — f3b\ 

ab--fc a7-|6|2 c6 - aa | . (2.22) 
oc — /36 

The irreducible idempotents are given by 

Ei = (0 o] ; -Ea = I 1 I ; £^3 = I I . (2.23) 






The reduced structure group Stro(af') is given by SL(3, R), SL(3, C), SU*(6) and £^6(-26) for A = E, C, H 
and O, respectively. These are nothing but the U-duality groups of the so-called magic Maxwell-Einstein 
N = 2 supergravity theories in = 5 space-time dimensions |24y25j. 



Theorem 8 (Shukuzawa, 2006 [Ij). Every element A G ^3* of a given rank is Stro(-33') related to one of 
the following canonical forms: 

1. Rank 1 

(a) ^1, = (1,0,0) =£1 

(b) ^ib = (-1,0,0) = -£;i 

2. Rank 2 

(a) ^2a = (1,1,0) =^1+^2 

(b) A2b = {-l,l,^) = -Ei + E2 
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(c) = (-1,-1,0) = -El- 
3. Rank 3 

(a) A^a = (1, 1, k)=Ei+E2 + kEs 

(h) = (-1, -1, k) = -El -E2 + kEs 

The result clearly also holds for ^g-j^g It is worth remarking here that the analogue of this 

Theorem for ^3^^ has been proved in [2j (see also [3]; this Theorem also holds for ^3^" and ^1^")- 

2.3.2 Lorentzian Spin Factors 

Given a vector space V over a field F with a non-degenerate quadratic form Q{v),v G V, containing a base 
point Q{cq) = 1, we may construct a cubic Jordan algebra 5y = F © F with base point c = (1; cq) G dv 
and cubic norm, 

N{A) = aQ{v), {a;v)£^v (2-24) 

See, for example, [5l[28]- In particular, the Lorentzian spin factor^ 5i,n-i := H© ri^„_i are defined by 
the cubic norm, 

N{A) = aa^a^ = a{al - aiUi), where a e R and £ R^'""-^ (2.25) 
for elements A G ^i,n-i, 

A = {a;a^) = {a;ao,ai). (2.26) 

For notational convenience, we will often only write the first three components (a;ao,ai) if Oj = for 
i > 1. The linearisation of the cubic norm is given by 

N{A, B, C) = ^(afe^c^ + ca^6^ + 6c^a^). (2.27) 

Evidently, = (1; 1, 0) is a base point and the corresponding Jordan algebra maps are given by 



Tr(^) = a + 2ao, 
S{A) = 2aao + a^a'^, 
S{A,B) = 2{abo + bao + af,b^), 
Tr{A,B) = ab + 2{aobo + aibi). 



(2.28) 



Using Tv{A*, B) = ^N{A, A, B) one obtains the quadratic adjoint 

A* = {a^a^'■aa^'), (2.29) 

where the index has been raised using the "most minus" Lorentzian metric r]^^ = diag(l, —1, —1, . . . , — 1). 
Its hnearisation A^ B = {A + B)"^ — A* — yields 

AxB = {2a^}f; ba^" + ab^"). (2.30) 

It is not difficult to verify that 

A** = N{A)A, (2.31) 



^In general, Vm,n is a Jordan algebra with a quadratic form of pseudo-Euclidean signature (m, n), i.e. the Clifford algebra 
of 0(m,n) 
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so that the quadratic adjoint is indeed Jordan cubic. Hence, we obtain a well defined Jordan algebra with 
Jordan product defined by Eq. (j2.6p . yielding 

Ao B = {ab; 0960 + ajbj,aobi + boai). (2.32) 

j 

Three irreducible idempotents are given by 

ii;i = (l;0), i?2 = (0;i,i), i^3 = (0;i,-i). (2.33) 

The reduced structure group Stro(5i,n-i) is given by S0(1,1) x SO(l,n — 1), where we have chosen to 
restrict to determinant 1 matrices. Explicitly, A transforms as 

{a;af,) ^ {e^^a;e-^Af,''au), where A G E, A E S0(1, n - 1). (2.34) 

Theorem 9. For n > 2 every element A = {a;a^) £ ■3i,n-i of a given rank is S0(1, 1) x SO(l,n — 1) 
related to one of the following canonical forms: 



1. 


Rank 1 






(a) Ala = 


(1;0) = i?i 




(h) ^16 = 


(-1;0) = -^1 




(c) Ale = 


(0; |, |) = -E2 


2. 


Rank 2 






(a) A2a = 


(0; 1,0) =^1 + ^2 




(b) A2b = 


(0; 0, 1) = ^1 - E2 




(c) A2c = 


(l? \^\) = El + E2 




(d) A2d = 




3. 


Rank 3 






(a) A-ia = 


(l;l(l + A:),i(l-A;)) = 




(h) ^36 = 


1(1 + A;), 1(1 -A;)): 



Note, if one restricts to the identity- connected component o/SO(l,n — 1), each of the orbits Aic, A2C and 
A2d splits into two cases, A^^, A^^ and A^^, corresponding to the future and past light cones. Similarly, 
A2a splits into two disconnected components, A^^, corresponding to the future and past hyperboloids. For 
k > the orbits A^a and A31, also split into disconnected future and past hyperboloids, Af^ and A^^. 



Proof. RankA = 1 

^tt = (a^flM^ aqM) = 0, (a; a^J / 0. (2.35) 
This corresponds to two cases: (i) = 0, a 7^ or (ii) a = 0, a^a^ = 0,a^ ^ 0. In case (i) we have 

A = (a; 0) ^ (e^^a; 0) = (±1; 0). (2.36) 

In case (ii) we have 

A = (0; a^) ^ (0; A^^a,) = (0; i, i). (2.37) 

RankA = 2 ^ 

A^(^) = oo^a^ = 0, A^ = {a^a''; aa'') / 0. (2.38) 
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This corresponds to two cases: (i) a = 0, a^a'^ / or (ii) a^a^ = 0,a ^ 0,a^ ^ 0. In case (i) we have 



^ = (0;a^) ^ (0;e-^A/a^) = (0;1,0) or (0;0,1). (2.39) 



In case (ii) we have 

A = (a; a^) ^ {e^^a; e-^k^^a^) = (±1; i, \). (2.40) 

RankA = 3 =^ 

N{A) = aa^a^" ^ 0. (2.41) 

Hence, 

A = (a; a^) ^ (e^^a; e'^A/a^) = (±1; \{l + k), i(l - k)). (2.42) 
where A^(^) = ±k. □ 

Note, the Lorentzian spin-factor construction may be generahsed to an arbitrary pseudo-Euchdean 
signature Jordan algebra 5p_i^g_i = K, © rp_i_g_i by defining the cubic norm, 

N{A) = aaf.a'', (a; a^) € Zp-i,q^i, (2.43) 

where the index has been raised with a {+^~^, — '?~^} signature pseudo-Euchdean metric. The same base 
point c = (1; 1,0) may be used. A more "democratic" choice vahd for any p > 2 is given by 

c = ^=L=(V^^; 1£_^,0^^^^), 

p-l q-l 

although it obscures some of the symmetries by unnecessarily complicating the basic identities. In this 
case the reduced structure group is given by, 

Stro(5p-i,,-i) = S0(1, 1) X SO{p - 1, g - 1). (2.44) 

The analysis goes through analogously to the Lorentzian case so we will not treat it in detail here. See, 
for example, [6l[3lj for further details. 

2.3.3 Special Cases: ^3u,^2R and 

Case 1: ^sk. The n = 2 case = 11® Fi^i may be written as ^SR = H© 11® IR. For (ai, 02, as) G -Use 
and {a;au) G we have, 

ai = a, a2 = ao + ai, 03 = 09 — 01, (2-45) 
so that the cubic norm takes the more democratic form 

N{A) = 010203. (2.46) 

While the analysis follows that of the generic n > 2 case, presented in [Theorem 91 we highlight this 
form as it makes apparent the triality symmetry of the n = 2 cubic norm, which we will return to in 
[section 3.4.31 There are just three irreducible idempotents: 

£;i = (1,0,0), ^2 = (0,1,0), ^2 = (0,0,1). (2.47) 

Case 2: 52R For n = 1 the quadratic form on Fi^„_i becomes Euclidean and [Theorem 91 no longer 
holds. 5i,o ™ay be written as 52R = R® K-. For A = (o, oq) € ^2R 

N{A) = a{aof. (2.48) 

The symmetry of the cubic norm is reduced to S0(1, 1) with a discrete factor, Z2. Note, all rank 1 and 2 
elements are respectively of the form (o; 0) and (0;oo), where 0,09 7^ 0. Consequently, unlike for n > 1, 
■32R is not spanned by its rank 1 elements. There are just two irreducible idempotents: 

^i = (l;0), E2 = (-l;l). (2.49) 
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Case 3: The sequence may be completed by defining 5r = R with cubic norm, 



N{A) = A^ AG R. (2.50) 

This cubic norm has no non-trivial symmetries. The unique choice of base point c = 1 yields Tr{A) = 
3^, Tr(^,i?) = 3AB,A^ = A?, from which it is clear that the cubic norm is Jordan. Note, all non-zero 
elements are rank 3 and there are no irreducible idempotents. 

3 Orbits of Freudenthal Triple Systems 

The Freudenthal triple system provides a natural representation of the dyonic black hole charge vectors for 
a broad class of 4-dimesional supergravity theories. In the following treatment, we present the axiomatic 
definition of the FTS which is manifestly covariant with respect to the 4-dimensional U-duality group 
G4. Subsequently, we present a particular realization in terms of Jordan algebras. This is equivalent to 
decomposing G4 with respect to 5-dimensional U-duality group G5, which is modeled by the corresponding 
Jordan algebra. Consequently, this particular realization is manifestly covariant with respect to G5. 

3.1 Axiomatic Definition of The FTS 

An FTS is axiomatically defined [35] as a finite dimensional vector space 5^ over a field F (not of charac- 
teristic 2 or 3), such that: 

1. ^ possesses a non-degenerate antisymmetric bilinear form {x,y}. 

2. 5^ possesses a symmetric four-linear form g(x, y, 2, w) which is not identically zero. 

3. If the ternary product T(x, y, z) is defined on by {T'(j;, y, z\vj\ = g(x, y, z, vS), then 

3{r(x, X, y), r(y, y, y)} = {x, y}g(x, y, y, y). 

3.2 Definition Over a Cubic Jordan Algebra 

Given a cubic Jordan algebra 3 defined over a field R, there exists a corresponding FTS 

5(;j) = ]ReiRe3e5. (3.1) 

An arbitrary element x G 5(3) may be written as a "2 x 2 matrix" 

X = ^) ' ^^^'^^ a, /3 G R and A,B G'^. (3.2) 

The FTS comes equipped with a non-degenerate bilinear antisymmetric quadratic form, a quartic form 
and a trilinear triple product: 

1. Quadratic form {•,•}: 5'(3) x 5'(5) R 

{x,y} := a5-/37 + Tr(yl,L») -Tr(B,C), where ^ = i^B ^) ' ^ " (_D ?) " ^^'^^^ 

2. Quartic form A : 5(5) ^ R 

A(x) := -{a^ - Tr(A, 5))^ - ^\aN{A) + /3A^(fi) - Tr(A», B% =: ^g(x). (3.3b) 
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3. Triple product T : '^{Z) x x 5^(-3) which is uniquely defined by 

{T{x, y, w),z} = 2A{x, y, w, z), (3.3c) 

where A{x,y,w,z) is the fuU linearization of A{x) normalized such that A( A(a;). 

Explicitly, the triple product is given by 

/ -a^P + Tv{A,B)-N{B) -{^B^ - B x A^) + {a^ - Tt{A, B))A \ 

\ {aAi - Ax B^)-{af3-Ti{A,B))B - Tt{A, B) + N{A) J' ^ ' 

Note that all the necessary definitions, such as the cubic and trace bilinear forms, are inherited from the 
underlying Jordan algebra 5. 

Remark 10. For the Jordan algebras introduced in \section 21 we will use the short hand notation: 
d^:=dOt)^ i?(5l,n-l), := ^(a5,n-l), i?3R := ^r), d2R:=m2R), dR~mn)- 

3.3 The Automorphism Group 

Definition 11 (The automorphism group Aut(5))' The automorphism group of an FTS is defined as 
the set of invertible H-linear transformations preserving the quartic and quadratic forms: 

Aut(5) := {a e IsoR(^)|{ax, ay} = {x, y}, A{ax) = A{x)}. (3.5) 

Note, the conditions {ax, ay} = {x,y} and A{ax) = A(x) immediately imply 

T{ax) = aT{x). (3.6) 

For g^*'"' the automorphism group has a two element centre and its quotient yields the simple groups 
listed in ITableTl while for ^"^'^ one obtains the semi-simple groups SL(2,l[l) x S0(2,n) [5l|3ll[35]- In 
all cases ^ forms a symplectic representation of Aut (5^) , the dimensions of which are listed in the final 
column of ITable 1[ This table covers a number 4-dimensional superg ravities: 5'2''^,5^6,n ^ j\f = 2,4 
Maxwell-Einstein supergravity, — t- = 2 "magic" Maxwell-Einstein supergravity and — )■ A/" = 8 
maximally supersymmetric supergravity (see, for example, [6l|T5l[2ll[25l[36l[37]). Moreover, the special 
case of iJsia (and its generalisations) has found applications in the theory of entanglement 



Lemma 12. The Lie algebra 2lut(5) o/ Aut(5') is given by 

2lut(5) = {ct>e HomR(5)|A(</>rc,x,x,x) = O,{0x,y} + = 0, Va;,y G 5}. (3.7) 

Proof. If (p £ HomR(5^) satisfies A(e*''^ X ^ €■ X ^ G X ^ C X ) = A{x,x,x,x), where i G R, differentiating with 
respect to t and then setting t = one obtains A(^x, x, x, x) = 0. Similarly, if {e^'^'x, e^'^y} = {x, y}, then 
y} + {x, (j)y} = 0. Conversely, assuming {(t)x, y} + {x, (f)y} = for all x, y G 5^ let o" = e**^. Then, 

{e*<^x, e'^y} = {(1 + t</. + it^^^ ^ ^^^^ (1 + t</) + i^^^ + • • •)?/} 
= {x,y} +t{{(l)X,y} + {x,(l)y}) 

+ t^{\{^x, ^y} + \{>P^x, y} + <Py} + \{x, <i>^y}) + ... 

= {x,y}- 

Similarly, assuming A{(j)x , x , x , x) = and letting a = e*"^, then A{ax) = A{x). □ 

The automorphism group may also be defined in terms of the Freudenthal product [T1l33j . The Freuden- 
thal product is useful in that it can be used to form elements of the Lie algebra and, further, we will need 
it to distinguish the orbits. 
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Table 1: The automorphism group Aut(^5^(3)) and the dimension of its representation dim 5^(5) given by 
the Freudenthal construction defined over the cubic Jordan algebra 5 (with dimension dim 5 and reduced 



structure group Stro(5))- 


Jordan algebra 5 


Stro(a) 




Aut(5(a)) 


dim5^(:3) 


R 




1 


SL(2,E) 


4 


E©R 


S0(1,1) 


2 


SL(2,R) X SL(2,R) 


6 


]R©E©]R 


S0(1,1) X S0(1,1) 


3 


SL(2,R) X SL(2,R) x SL(2,R) 


8 


iR©ri,n-i 


S0(1,1) X SO(l,n- 1) 


n + 1 


SL(2,R) X S0(2,n) 


2(n + 2) 


iR©r5,„-i 


S0(1,1) X S0(5,n- 1) 


n + 5 


SL(2,R) X S0(6,n) 


2(n + 6) 




SL(3,R) 


6 


Sp(6,R) 


14 




SL(3,C) 


9 


SU(3,3) 


20 


•^3 


SL(3,E) X SL(3,]R) 


9 


SL(6,R) 


20 


•^3 


SU'^(6) 


15 


S0'^(12) 


32 


■^3 


SL(6,]R) 


15 


SO(6,6) 


32 


•^3 


-^6 (-26) 


27 


^7(-25) 


56 


•^3 


-E'6(6) 


27 


-£^7(7) 


56 



Definition 13 (Freudenthal product). For x = {a, 13, A, B), y = {5,j,C,D), define the Freudenthal 
product 

A:d><d^ HomR(iJ) 

by, 

-{Ay D + ByC) 



X A y :=$((/>, X, y, z/), where < 



X = -\{B X D - aC - 5A) 

Y = l{AxC-f3D--fB) ^ ^ 
ly = \{Tv{A,D)+TT{C,B)-3{aj + p6)), 

andAvBG 6tro(5) is defined by {A V B)C = \ Tr(S, C)A + \ Tr(A, B)C -\Bx{AxC). The action 
of ^ : ^ ^ ^ is given by 

mX,Y,u)^^ ^) = [_t^B^i,B + 2XxA + aY V + (^,A) J' ^'-'"^ 

Lemma 14. The automorphism group is given by the set of invertible R-linear transformations preserving 
the Freudenthal product: 

AutJ = {cr G lsoR{d)\cr{x Ay)a''^ = ax A ay}. (3.11) 

Proof. We proceed by establishing the equivalence 

a{x A y)a^^ = ax A ay <^ {crx, ay} = {x, y}, A{ax) = A{x). (3.12) 

We begin with the right implication =^. First, following |33j . we show that a{x A y)a^^ = ax A ay ^ 
{ax, ay} = {x,y}. Using the identity [33j, 

3 

{x A y)x — [x A x)y + -{x, y}x = 0, (3.13) 



it follows that {ax A ay)ax — {ax A ax)ay + i;{ax, ay}ax = 0, which, from our assumption a{x A y)a 



-1 
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ax A ay implies 

3 

a{x A y)x — a{x A x)y + g {^^i ay}ax = 

=^o"( — |a;,v|x)H — \ax,ay\ax = Q 
3 

^-({crx,cry} - = 

^{ax.ay} = {x,y}. 

Since "^{x f\x)x = T{x), a{x f\y)a^^ = axf\ay implies T{ax) = aT{x) and therefore {ax, ay} = {x,y} 
A{ax) = A(x). 

To establish the left impHcation we begin by noting that T{x, y, z) = "^[{x f\y)z + {y f\z)x + {z f\x)y]. 
Then from the identity, 

3 3 

2(x A y)z - (x A z)y - (y A z)x + -{z, y]x - -{x, z]y = 0, (3.15) 

which is easily obtained from ()3.13p . see Lemma 4.1.1 of [33], we have, 

9 3 3 

- 2^*^^' ^) + '^^^ ^ + ~ ^ ^- '^^■-'■^^ 

Since aT{x,y,z) = T{ax,ay,az), our assumption {ax, ay} = {x,y} together with ()3.16p implies 

9 3 3 

2^(^' ^) + 8^^' ~ gi^' + "^(^^ o-y)crz = (3.17) 
and so, substituting — 3(x A y)a~^az in the square parentheses of (I3.17p . 

3[{ax Aay) -a{x Ay)a~^]az = (3.18) 
implying {ax A ay) = a{x A y)a~'^ , as required. □ 

Finally, we recall the explicit elements of Aut(5^): 
Lemma 15 (Seligman, 1962; Brown, 1969 [351141]). The following transformations generate elements of 



B ^ [ B + AxC + ^C^ /3 



fa A\ [ a A + BxD + aD^ , ,^ 

^^^y-[B p)^[B + aD ^ + {A,D) + iB,Di) + aN{D))-^ ^^'''^ 

a A\ ( \^^a tA 



^■\B 13 J ^ \h-^B A/3 ; ' 
where C,D and t e Str(:3) s.t. N{tA) = XN{A). 

For convenience we further define Z := 0(— l)^/;(l)(/>(— 1) 
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3.3.1 Rank Conditions and Aut (5^) -Equivalence 

Lemma 16 (Krutelevich 2004). Every non-zero element of^{^), where ^ is one of 2i^,^^\2i,n-i or 
■33R)iJ2R,-3r; can be brought into the form 

Xred = i\ ^1 (3.21) 



p 



by Aut(i?). 



Proof. The proof presented by Krutelevich [5] for also holds for 2^ ,Zi,n-i,ZzWi: since it only requires 
that Z is spanned by its rank 1 elements, and that the bilinear trace form is non-degenerate. However, 
52R and 3h are not spanned by their rank 1 element^ so a gentle modification of the proof is required. 
It is sufficient to show that the theorem holds for so we focus on this case. Starting from an arbitrary 
element 

'a 

we first show that one may always assume /3 7^ 0. Assume (3 = 0. If a 7^ we simply apply 
(j){—l)^jJ{l)(p{—l). Now, assume a, (3 = 0. This implies we may assume at least one of A or i? are 
non-zero. Applying ip{D) we find 

j3 = 0^ P' = 3D{BD + A) 

so that we can always pick a D such that /?' 7^ 0. Hence, we may now assume from the outset that /3 7^ 0. 
We now proceed by illustrating that we may always assume a = 1. Assume /3 7^ and apply 

^{C) ■.a^(3C^ + 3AC^ + SBC + a. 

Since 

PC^ + SAC^ + SBC + a - 1 = 

has at least one real root for /3 7^ we have established that we may assume a = 1. To finish the proof 
we assume a = 1, and apply tp{—B). □ 

Lemma 17. (i) An element of^{Z), where Z is one of Z^,Z§^" ,Zi,n-i, of the form 

a OiEi 



is Aut(5^) related to: 
1. 

2. 

3. 



Q ^ .-1,2,3, (3.22) 



a (ai + /3c - ^^)Ei + 02^2 + a^E^\ 

/3 — 2"2°3C j 



a a,Ei + (as + /3c - ^^)E2 + ag^gA 

Q ^ _ 2aia3C J 



a aiEi + a2^2 + (as + /3c - ^if^)^3 

Q ^ _ 2aia2C 



(3.23) 



(3.24) 



(3.25) 



Indeed, 3b has no rank 1 elements. 
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(ii) An element of ^2R, of the form 

13 



i = l,2, (3.26) 



is Aut(5^) related to: 

fa (ai + (3c)Ei + 02-^2 
/3-^ , 



(3.27) 



Proof, (i) The proof presented by Krutelevich [S] for 5*, 5*'' may be seen to hold for 2i^n-i by direct 
calculation, (ii) Follows by acting on ()3.26p with 

i^{D)ocl){C), (3.28) 

where C = (c; 0) and D = -^(0; 002). □ 

Following [5j one may generalise the conventional matrix rank to the FTS. 

Definition 18 (FTS ranks). An FTS element may be assigned an Aut(5^) invariant rank.' 



Rankx = l4^T{x,x,y) = Vy, x / 0; 
Rankx = 2 4^ T{x) = 0, 3y s.t. T{x, x, y) / 0; 
Rankx = 3 4^ A(x) = 0, T{x) / 0; 
Rankx = 4 <^ A(x) / 0, 



(3.29) 



where we have defined T{x,x,y) := 3T{x,x,y) + {x,y}x. 

Remark 19 (Reduced rank conditions). For an element in the reduced form ()3.2ip the rank conditions 
simplify: 

Rankx = 1^ A = 0, /3 = 0; 
Rankx = 2^A^ = 0, /3 = 0, A ^ 0; 
Rankx = 3 4^ AN {A) = -f3^, A^ / 0; 
Rankx = 4 <^ m{A) / -/3^ 

In order to distinguish orbits of the same rank we will use the following quadratic form introduced 
in p. 

Definition 20 (FTS quadratic form). Define, for a non-zero constant element y G d, th^ i"sal quadratic 
form By, 

By{x) ■.= {{xAx)y,y}, x G J. (3.31) 
Lemma 21 (Shukuzawa, 2006 [Ij). If y' = ay for y 7^ and a € Aut(5^), then 

By{x) = Byi{x), where x' = crx G ^. 

3.4 Explicit Orbit Representatives 
3.4.1 Magic FTS 5* 

Theorem 22 (Shukuzawa, 2006 [T]). Every element x G of a given rank is Aut(5'*) related to one of 
the following canonical forms: 

1. Rank 1 
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(a) xi 
2. Rank 2 



1 




(b) X2b = 

3. Rank 3 

( a) X3a = 

(b) X3b = 

4- Rank 4 

( a) X4a = k 

(b) X4b = k 

( c) X4c = k 
where k > 0. 



/ ) ,'1 (1,0,0) 



1 (-1,0,0) 




1 (1,1,0) 



1 (-1,-1,0) 




1 (-1,-1,-1) 



1 (1,1,-1) 



1 (1,1,1) 





It is worth remarking here that the analogue of this Theorem for has been proved in [4j (see 
also [5]), and it holds for and ^f", as well. 



2,n 



3.4.2 Reducible Spin Factor FTS 

Theorem 23. Every element x G 5^^'" with n > 2 of a given rank is SL(2,R) x S0(2,n) related to one 
of the following canonical forms: 



1. Rank 1 

(a) xi = 

2. Rank 2 

(a) X2a 

(b) X2b 

(c) X2c 

3. Rank 3 

(a) Xza 



1 




1 (i;0,o) 



1 (-i;0,o) 



1 (0;i^; 



1 (0;1,0) 
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(b) X3f, = 

4. Rank 4 

( a) X4a = k 



1 (0;0,i: 




1 (-1;1,0) 




where k > 0. 

Proof. We begin by transforming to the generic canonical from 

1 A 

/3 

and then we proceed case by case, according to the rank. 

Rank 1: Rankx = 1 =^ A = 0, /3 = 0, so that every rank 1 element is Aut(5^'") related to 

x, = (j »). (3.32) 

Rank 2: Rankx = 2 ^ = 0, /3 = 0, vl / 0, so that every rank 2 element is Aut(5^^'") related to 

;;), (3.33) 

where j4 is a rank 1 Jordan algebra element. A may be brought into canonical form via f, where 
r e Stro(5i,n-i), 

1 A\ (\ tJ^ 



^ ■ Vo y ■ vo 

Hence, x may be brought into one of three forms corresponding to the three rank 1 representatives for A, 
namely: 

X2a={^^ X2.= (J ^J^); X2e=(j - (3.34) 

These are in fact unrelated, as it can be seen by computing the quadratic forms 

Bx^Av)= c^c^'-ld; (3.35) 
Bx2ciy) = -cco - cci + -fdo + 7di, 

where 

.= (*^). (3.36) 

By diagonalising (j3.35p . one can verify that the three forms have distinct signatures; hence, by Sylvester's 
Law of Inertia, X2a,X2b and X2c lie in distinct orbits. 
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Rank 3: Rankx = 3 ^ N{A) = / 0. If /3 / then A is Stro(ai,n-i) related to 

(±1; -(IT -(1 ± 0, . . .) = iii^i + ii;2 T ^i?3, (3.37) 



so that, by an apphcation of f, one obtains 



Then, by Lemma [T71 with c = =F^, x may be brought into the form, 

1 ±^1 + ^2 




(3.38) 



Hence, we may assume from the out set that 



1 A 




(3.39) 



(3.40) 



where A is a rank 2 Jordan algebra element. Via an application of f, where r E Stro(-3i,n-i)) x may be 
brought into one of four forms corresponding to the four rank 2 canonical forms for A, namely: 

A A2a\ (I A2b\ (I A2c\ (I A2d\ ,^ ... 

x,a=[^ oj' ^^^=io oj' "^^=io oj' ""''=[0 oj- ^^-^'^ 

We are now able to show xsq and xsj, are Aut(5^2'") related to and xsc respectively. The proof proceeds 
by an application of ^{C)'ilj{D)ip{C) with & = = = 0, which yields, 

1 Ma\ ( l + {A2ay<C + D,C) A2a + {A2a^C)xD+{A2a,D)C 

y U2aXC + Z) + (A2a + (^2aXC)xD)xC' (^Sa,!?) 

Assuming (^20,-^) = 1 and (7 = —{A2a + (^2a x C) x D), one obtains 

l-{A2a^C + D,A2a + {A2aXC)>iD) 0\ 

This is achieved by the choice C = (0; — ^, — ^, 0, . . .) and D = (0; ^, |, 0, . . .). One finds C = (0; — ^, —^,0, . . .) 
and {A2a x C + I), (7) = -1, yielding 


,(-l;i,i,0,...) 1, 

from which, after three applications of (/?(— l)^(l)(/?(— 1), the desired form 

1 A2d 




(3.43) 



follows. Similary, it can be proved that X2h is Aut(5'2''^) related to X2c- 

The remaining two possiblilities are unrelated, as it can be seen by computing the quadratic forms 

Bxsciy) = -'^co - Sci - ccq - cci - c^c'' + 7d + 74 + 7^^! + ddo + ddi; 
Bx^diy) ~ ^'^0 + '^'^1 ~ '^'^0 ~ cci + Cf^c^ — + 7(io + ^di — dd^ — ddi. 

By diagonalising (j3.44p . one can verify that the two forms have distinct signatures; hence, by Sylvester's 
Law of Inertia, X2a and X2b lie in distinct orbits. 
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Rank 4: Rankx = 4 ^ A(x) = -N{A) - ^ / 0. By Lemma HZl we may assume from the out set that 

where A is a rank 3 Jordan algebra element. Via an application of f, where r G Stro(5i,n-i)! x may be 
brought into one of two forms corresponding to the two rank 3 canonical forms for A, namely: 

(l;i(l-™).ia + .n).0,...)^_ ^^^^1^1 (-l;l(l + ™),|(l-,„).0,...)j_ ,3„,) 

where conventions have been chosen such that A{x4a) = A(x4b) = m. 

In order to determine under what conditions X/^a and X4^i, are related, use the quadratic forms 



Bxiaiv) — ^''^^ ~ + 5mcQ — ccq + mcco — 5ci — 5mci — cc\ — racc\ — 

+ 7(i + 7(io — 'ymdo + ddo — mddo — rndf^id^ + jdi + 'ymdi + ddi + mddi; 

^X4t iv) — ~ '^"^'^ + '^'^0 + 5mco — cco — mccQ + 5ci — 5mci — cc\ + mcci — c^c^ 

— 7d + 7(io + 'ymdo — ddo ~ rnddo — mdj^i^d^ + 7^1 — jmdi — ddi + mddi. 



(3.47) 



is made once again. 

The diagonalisation of Eq. (|3.47p leads to quite complicated expressions for the two metrics. However, 
one can show that they only differ in three components, namely (1, — y , m) versus (—1, — m, — y); hence, 
one can conclude that for m > the metrics have different signatures. Consequently, for m > 0, x^a and 
X/^h lie in distinct orbits by Sylvester's Law of Inertia. On the other hand, for m < 0, the signatures match 
and, by using a similar argument to the one used in the rank 3 case, that is applying (p{C)'4)[D)ip{C) such 
that & = = C'^ = one can indeed verify they are both indeed related to the canonical form x^c of 
the theorem. □ 

Note, the 5^'"" case considered here may be generalised to an arbitrary pseudo-Euclidean signature 
grp,<? ._ :5'(^p_^ where Zp-i,q-i = © rp_i^g_i was introduced in (j2.43p . The automorphism group 
is given by, 

Aut(^?P''?) = SL(2, E) X SO(p, q). (3.48) 

In particular. A/" = 4 Maxwell-Einstein supergravity has an SL(2,E) x S0(6,g') U-duality and is related 
to ^^''^ := ^{Zb,q-i)- The analysis goes through analogously so we will not treat it in detail here. See, for 
example, [UEKM] for further details. 



3.4.3 Special Cases: 53R,3^2R and g^R 

Case 1: 5^(-33]a) This is the n = 2 point of the generic sequence 5^^'", as presented in [Theorem 231 
However, as mentioned in lsection 2.3.31 the underlying Jordan algebra = E©ri^i may be reformulated 
in particularly symmetric manner as ^SR = R©E©R, where N{A) = 010203 for (01,02,03) G ^3^. The 
permutation symmetry of the cubic norm is further manifested in the corresponding FTS, 5^'^ = JsR- 
The elements of E © R © ^sr © ^Isr may be written as a 2 x 2 x 2 hypermatrix, denoted aABC- 



flOOO ^ — (Ooili OlOl) Olio) 

B = (flioo; ooiO; ^ooi) am 



^aABC, where A,B,C = 0,1. (3.49) 



The permutation symmetry of the cubic norm corresponds to its invariance under A o O C. The 
hypermatrix lies in the fundamental representation Va <8> Vb © Vc*, where Vi is a 2-dimensional real vector 
space, of the automorphism group SL(2,R) x SO(2,2) ^ SLa(2,R) x SLij(2,R) x SLc(2,R). Explicitly, 



aABC ^ dABC = MA^'NB^'Pc^'aA'B'C, (3.50) 
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where M,N,P are 2x2 matrices with determinant 1. The quartic norm is given by Cayley's hyperdeter- 
minant Det aABC 



^{x) = - Det a = ^e^^^^e^i^2e^i^3e^^^4e^^^4e^2^^a^,B,Cia^2B2C2aA3B3C3a^4B4C4, (3-51) 

where e is the antisymmetric 2x2 invariant tensor of SL(2). This form of the quartic norm makes the 
A ■v^ B ■v^ C triahty invariance manifest. 

Case 2: ^{Z^r) This is the n = 1 point of the generic sequence 5^'^'"'. However, since the underlying 
Jordan algebra ^li,o = 111© Fi^o is Euclidean the orbits of [Theorem 231 containing light-like G Ti^^-i 
cannot be present. Indeed, we have the following result: 

Theorem 24. Every element x G 5^2R of a given rank is SL(2, R) x SO (2, 1) related to one of the following 
canonical forms: 



1. Rank 1 

(a) xi-- 

2. Rank 2 

(a) X2a 
(h) X2b 

3. Rank 3 

(a) X2,a 

4- Rank 4 

( a) X4a = k 

(b) X4b = k 
where k > 0. 



1 




1 (1;0) 



1 (-1;0) 




1 (0;1) 




1 






Proof. Since this is essentially a simplification of [Theorem 231 we will not present the details here. The 
key observation is that, since every rank 1, 2 and 3 element of ^li^o is respectively of the form (a; 0), (0; oq) 
and (a;ao), where a, oq 7^ 0, the X2c,X3h and x^c orbits of [Theorem 231 are absent. □ 

The underlying Jordan algebra 5i,o = IR-ffiTi^o may be written as a degeneration ^sr — = UGH. 
At the level of the FTS S^sk, — )• ^2U, this corresponds to symmetrizing the 2x2x2 hypermatrix of JsR 
over two indices: oabc — ^ 0'A(BiB2)- The partially symmetrized hypermatrix lies in the Va ^ Sym^(VB) 
representation of the automorphism group SL(2,R) x 80(2,1) = SL/i(2,R) x SLb(2,R). Explicitly, 

aA(B^B2) ^ «A{BiB2) = Ma"^' Nb,^'^ NB2^'^aA'(^B[B':,), (3-52) 

where M, N are 2x2 matrices with determinant 1 . The quartic norm is again given by the hyper- 
determinant through applying the appropriate symmetrization to DetoABC- For more details see, for 
example, [HllMllll!. 



18 



Case 3: 5^(-3r) May be regarded as the end point of this sequence, in the sense that = III®II©5]r©-3]r 
can be mapped to the space of totahy symmetrized hypermatrices: a[AiA2A3) ^ Sym'^(VA). The totahy 
symmetrized hypermatrix transforms as 

a{AiA2A3) ^ ^{AiAiAs) = MA-.'^'^MA^'^'^MAg^'^ai^A^A'^A'^), (3-53) 

where M is a 2 x 2 determinant 1 matrix, under the automorphism group SL/i(2,]R,). Once again the 
quartic norm is given by the hyperdeterminant by totahy "symmetrizing" Det uabc ■ For more details 
see, for example, [5|R[3|RHj. 

As already noted in [section 2.3.31 because N{A) = A^jA^ = A"^, all non-zero elements A G are 
rank 3. Consequently the number of independent ranks in is reduced to three: 

Lemma 25. If x ^ 5^ia is rank 2, then it is rank 1. 

Proof. Consider the independent rank 2 conditions evaluated on the reduced form of p.2ip : 

Rank x^ed < 2 4^ = 0, /3 = 0. (3.54) 
Since A" = =^ vl = for all ^ G one obtains 

Rank Xj-ed <2^^ = 0, /3 = 0^ Rank x^ed = 1- (3.55) 

□ 

Hence, the rank 2 orbits of [Theorem 231 do not exist for ^-r. There are only elements of rank 1, 3 or 
4, and we have the following 

Theorem 26. Every element x G S^r of a given rank is SL(2, R) related to one of the following canonical 
forms: 



1. Rank 1 

(a) xi-- 

2. Rank 3 

(a) xz - 

3. Rank 4 

( a) X4a = k 
(h) Xib = k 



1 




1 




1 -1 



1 1 





where k > 0. 

Proof. We begin by transforming to the generic canonical from 

'1 A 



0/3" ^'-''^ 



and proceed, case by case, according to the rank. 
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Rank 1: Rankx = 1 =^ A = 0, /3 = 0, so that every rank 1 element is Aut(5^ia) related to 

X, = (J °) . (3.57) 

Rank 3: Rankx = 3 ^ AN{A) = AA^ = -/^^ and A / 0, so that every rank 3 element is Aut(5'R) 
related to a reduced form 

^ ^ (3.58) 



^0 

with ^ < 0. In order to determine the Aut(5^iR) transformation bringing ()3.58p into the desired form, it 
is convenient to use the totally symmetric hypermatrix representation of the charges: 

x = a(AiA2As), ^1,^2,^3 = 0,1 (3.59) 

where, explicitly, 

«(ooo) = ") 0(110) = 0(101) = 0(011) = ^; ,^ 

(3.bUj 

O(OOO) = /5, 0(001) = O(oio) = O(ioo) = B. 

A generic Aut(5^R) transformation is then given by an SL(2,]R) matrix 

M = (^^ , ad-bc=l (3.61) 

under which, 

a(ABC) ^ Ma^' Mb^' Mc'^' a^A'B'C) = a(ABC)- (3-62) 
Applying M to the reduced form (j3.58p . we see that in order to obtain we are required to solve the 
follow system of polynomial equations 



a(ooo) =a^ - 3\A\b'^a + 2\A\2b^ = 0; (3.63) 

i(llO) 



a(iio) = c^a - \A\{a(f + 2bcd) + 2\A\2(fb = A; (3.64) 



a(ooi) = a^c - \A\{cb'^ + 2dab) + 2\A\2b'^d = 0; (3.65) 

a(iii) = -3\A\d'^c + 2\A\^d^ = 0, (3.66) 
where we leave A ^ arbitrary as it may be subsequently scaled away using 

'A 

A- 

Setting d = 1, one immediately sees that (j3.66p has two distinct real roots: 

(c + 2|^|3)(c- 1^1^)2 = 0. (3.68) 

The double root c = \A\2 contradicts ^ 7^ so we choose c = — 2|yl| 2 , which implies a + 2|^|26 = l and, 
from ([3:6411 : 

A = 3\A\. (3.69) 
Substituting d = l,c = —2\A\2 into (j3.65p and solving for a we find, 

a± = ^(-l±3). (3.70) 

Letting a = a+ we determine that 

M = I ^ ^ ) (3.71) 

V-2|yl|2 1 J 

sends (|3.58p to ([j '^'(^'), which is related by M = (^'j^' ) to {qq), as required. 
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Rank 4: Rankx = 4 =^ AA^ + 7^ 0. First, we show that starting from (I3.56P every rank 4 x may be 
brought into a form with B = (3 = 0, namely: 



This amounts to solving 



O(OOl) 

a(iii) 



a A 




a^c + A{cb'^ + 2dab) + Pb'^d = 



(3.72) 



+ S^d^c + l3d^ = 0, 



where ad — be = 1. There are three subcases: (i) A ^ 0, P 
is trivial. For (ii), our system simplifies down to 



(3.73) 
(3.74) 

0, (ii) A = 0, 13^0, (iii) A ^0,(3^0. (i) 



«(ooi) 

0(111) 



a^c + I3b^d = 0; 
+ f3d^ = 0, 



(3.75) 
(3.76) 



Setting d = 1 and c = — /33 solves (I3.76p . By substituting this choice into (13.751) and solving for a, one 



finds a± = ib/3 s b. But only a+ is consistent with ad 
and one obtains the SL(2, H) matrix 



be = 1. Making this choice implies b = (8/3)" 



M 



.(8/3)- 



(3.77) 



Finally, let us consider the case (iii) A ^ 0, f3 ^ 0. Let c = jd, where 7 = 7(/3,yl). Then, from (j3.74p . 
we have 



d^{-f^ + ^Aj + P)=0, 
which, since d is necessarily non-zero, implies 

/(7) = 73 + 3^7 + /3 = 0. 

There is at least one real root 7* that is non-zero for (3^0. Substituting into (|3.73p yields. 



'y*d 



Solving for a we find 



Hence, we require 



a± 



2 2Ab , , P „2 
a^ H a + {A+ —)¥ 

7* 7* 



0. 



i±{P,A)b. 



A' 



7*/3 = A^- y(7,) > 0, 



(3.78) 



(3.79) 



(3.80) 



(3.81) 



(3.82) 



where 2/(7*) = ^lA + 7*/9. We may always choose the root 7* such that this condition holds. In order to 
see this, let us consider the two subcases: (a) ^ < and (6) ^ > 0. (a) For A < 0, 7(7) in (j3.79p has two 
turning points at iby^|^| . Consequently, for /3 > there is always a real root 7* < — A| < 0, which 
implies (j3.82p . Similarly, for /3 < there is always a real root 7* > A| > 0, which again implies p.82p . 
(6) For ^ > the cubic /(7) only has an inflection point at 7 = 0, /(O) = /3 and so /(7) = has a single 
real root 7*. If /3 < 0, then < 7* < Since y(7*) has a minimum at such that y{^) = < 0, 
it is clear that < 7* < ^ implies y(7*) < and so condition (|3.82p is satisfied. Similarly, if /3 > 0, 
then — ^ < 7* < 0, and once again 2/(7*) < 0, implying condition (j3.82p as required. Hence, we conclude 
condition (|3.82p may always be satisfied. 
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In summary: 

a = ^±{^,A)b, c = j4^,A)d (3.83) 

which yields 

(e± - l*)bd = 1, (3.84) 

where or ^_ is chosen such that ^± — 7=,, is non-zercH. Without loss of generality we can set d = 1, so 
that b = l/(^± — 7*) and the SL(2,I[l) matrix 

transforms our hypermatrix into the desired form (|3.72|) . 

Finally, the reduced form (j3.72p may be brought into the form X4a/b of the theorem by the diagonal 
SL(2, R) transformation 

A-)'(o o)--Go)- '^-^^^ 

where e = +1, —1 according as A > 0, A < 0. □ 
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